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OFF-DIAGONAL ESTIMATES FOR CUBE SKELETONS MAXIMAL
OPERATORS
ANDREA OLIVO
Abstract. In this work we obtain Lp → Lq (p ≤ q) estimates for the k-skeleton
maximal operator in Rn. This is achieved by interpolating a weak-type (1, q∗) end-
point estimate, where q∗ depends on k, n, with the known Lp → Lp bounds. The
endpoint estimate is proved by combining a geometric result about k-skeletons and
adapting a combinatorial method of Kolasa-Wolff, used by Schlag for the circular
maximal function in the plane.
1. Introduction and main results
Given an n-dimensional cube with axes parallel sides, by the k-skeleton we mean
the union of its k-dimensional faces, where 0 ≤ k < n is an integer. If r > 0 and
x ∈ Rn, Sk(x, r) denotes the k-skeleton of an n-dimensional cube with axes parallel
sides, center x and side length 2r and Sjk(x, r), j = 1, . . . , 2
n−k
(
n
k
)
, enumerate each one
of its k-dimensional faces.
For each f ∈ L1loc(R
n), 0 < δ < 1 and 0 ≤ k < n ∈ Z, the k-skeleton maximal
operator with width δ is defined as
(1.1) Mkδ f(x) = sup
1≤r≤2
N
min
j=1
1
|Sjk,δ(x, r)|
ˆ
Sj
k,δ
(x,r)
|f(y)|dy,
where Sjk,δ(x, r) is a δ-neighborhood of S
j
k(x, r). We denote the Lebesgue measure of
a set A ⊂ Rn with |A|.
This type of operators were introduced in [2] and emerge from the following geo-
metric problem: estimate the size of a set B ⊆ Rn containing the k-skeleton of an
n-dimensional cube, with axes parallel sides and center in every point of a given set
S ⊆ Rn. By size we mean some fractal dimension, as for example box counting dimen-
sion. Answers for this question were given in [2], for the 2-dimensional case, and in [6]
for higher dimensions. On the other hand, the maximal operator defined in (1.1) is a
natural variant of the celebrated spherical maximal operator of Bourgain-Stein.
The study of this operator was initiated in [4], where it was proved that∥∥∥Mkδ f∥∥∥
Lp
≤ Cn,kδ
k−n
2np ‖f‖Lp
for all f ∈ Lp(Rn), p ≥ 1, and this estimate is almost sharp (see [4, Prop. 2.1]).
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The purpose of this work is study the rate at which the norm of Mkδ increases as δ
tends to 0 in the off-diagonal case. We say that f(δ) ≈ g(δ) if there exist two positive
constants c, c′, not depending on δ, such that
c′g(δ) ≤ f(δ) ≤ cg(δ)
for all 0 < δ < 1.
Our main result is the following:
Theorem 1.1. Given 1 < p ≤ q and ε > 0, there exist positive constants C =
C(p, q, k, n) and C ′ = C ′(p, q, k, n, ε) such that,
C ′δ
k−n
2np
+ε ≤
∥∥∥Mkδ ∥∥∥
Lp→Lq
≤ Cδ
k−n
2np if q ≤ q∗p∥∥∥Mkδ ∥∥∥
Lp→Lq
≈ δ
n
q
−n−k
p if q > q∗p
for all δ ∈ (0, 1) and q∗ = 2n
2
(n−k)(2n−1) .
The lower bounds in Theorem 1.1 follows by applying Mkδ to appropriate functions.
For the upper bounds, we apply a combinatorial method used by Schlag [5] for the
circular maximal operator in the plane, combined with classical interpolation theorems
and an estimate from the combinatorial Lemma 2.1, that we will present in the next
section.
For the remaining case q > p is easy to see that the maximal operator is unbounded
(see Remark 4.1).
2. Definitions and notation
Most of the following definitions and results were introduced in [4], for completennes
here we give a brief summary.
We denote the half-open unit cube by Q0, i.e. Q0 = [0, 1)
n. Let 0 < δ < 1 such
that 1/δ is an integer and consider the grid Q0 ∩ δZ
n. We define Q∗0 := {x1, . . . , xu},
u = δ−n, the centers of the half-open n-cubes, Q0(1), . . . , Q0(u), with side length δ
determined by the grid Q0 ∩ δZ
n.
We define the function ψ : Q0 → Q
∗
0, x → x
∗, where x∗ denote the center of the
corresponding half open n-cube with center in Q∗0 and side length δ containing x.
Observe that ψ is constant over each Q0(i) and the sets ψ
−1(Q0(i)), i = 1, . . . , u, form
a Borel partition of Q0.
We use the letter C to denote positive constants, indicating any parameters they
may depend on by subindices. Their values may change from line to line. For example,
Cn denotes a positive function of n.
The following combinatorial estimate is crucial in our work:
Lemma 2.1. [4, Lemma 3.2] There is a constant Cn,k < ∞, depending only on n, k,
such that the following holds. Let {Sk(xi, ri)}
m
i=1 be a finite collection of k-skeletons
in Rn. Then it is possible to choose one k-face of each skeleton with the following
property: If V is an affine k-plane which is a translate of a coordinate k-plane, then
V contains at most
Cn,km
1−
(n−k)(2n−1)
2n2
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of the chosen k-faces.
In other words, the above lemma say that: given a finite family of k-skeletons, we
can extract one face from each skeleton in such a way that the overlaps are controlled.
Definition 2.2. Let Γ0 denote the family of functions ρ : Q
∗
0 → [1, 2]∩δZ. Fix ρ ∈ Γ0.
For simplicity, let us write Sk,i = Sk(xi, ri), where ri = ρ(xi) and 1 ≤ i ≤ u.
For this family of k-skeletons, we define the function Φρ:
(2.1) Φρ(Sk(xi, ri)) = ℓ
i
k
where ℓik denotes the face of Sk,i chosen as in Lemma 2.1.
The k-skeleton maximal operator defined in (1.1), unlike most other kinds maximal
operators, is not sub-linear. To deal with this inconvenient we introduce a discretized
and linearized version of the problem.
Definition 2.3. Given a function ρ ∈ Γ0 and 0 < δ < 1, if f ∈ L
1
loc(R
n) we define
the (ρ, k)-skeleton maximal function with width δ,
M˜kρ,δf : Q0 → R
(2.2) M˜kρ,δf(x) =
1
|ℓx,δ|
ˆ
ℓx,δ
f(y) dy,
where ℓx,δ is the δ-neighborhood of ℓx := Φρ(Sk(x
∗, ρ(x∗))).
Remark 2.3. By definition, M˜kρ,δ is constant over each set Q0(i), i = 1, . . . , u and is
completely determined by its values over the set Q∗0 = {x1, . . . , xu}.
On the other hand, since r is bounded by 2, in the previous definition it is enough
to consider functions f supported on 7Q0, the n-cube with side length seven and the
same center of Q0. In fact, if r ≤ 2 and δ < 1, ℓx,δ ⊂ 7Q0 for all x ∈ Q0.
The following result establishes a relation between the k-skeleton maximal operator
and its linearized version.
Lemma 2.4. There exists a constant Ck,n > 0 such that if 0 < δ < 1,∥∥∥Mkδ ∥∥∥
Lp→Lq(Q0)
≤ Ck,n sup
ρ∈Γ
∥∥∥M˜kρ,3δ∥∥∥
Lp→Lq(Q0)
.
Proof. See [4, Lemma 2.6] 
Therefore, by obtaining Lp → Lq estimates for the discrete maximal operator uni-
formly on ρ, we will also obtain Lp → Lq for Mkδ , at least at a local level.
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3. The combinatorial method
Based on a combinatorial argument from Kolasa and Wolff [3], Schalg [5] defined the
notion of multiplicity µ of a family of annuli and it was shown that certain estimates
for µ are equivalent to Lp → Lq bounds for certain maximal operators.
In this section, we shall extend the definition of µ to more general families of sets,
and in particular to a family of k-skeletons.
Let Ω ⊆ Rn be a Borel set and I an index set. For each x ∈ Ω, consider Ax =
{Ax,r}r∈I a family of sets with positive Lebesgue measure in R
n.
If A = {Ax}x∈Ω, we request that infA∈A |A| ≥ δ
τ for some constant τ and δ > 0
(intuitively we can think that Ax,r are sets at δ-scale).
Suppose there exists a constant C > 0, not depending on x, such that
(3.1) diam
(
{x} ∪
⋃
r∈I
Ax,r
)
≤ C
for every x ∈ Ω.
Consider the sub-linear maximal operator Tf : Ω→ R defined by:
Tf(x) = sup
r∈I
1
|Ax,r|
ˆ
Ax,r
|f(y)| dy,
for all f ∈ L1loc(R
n).
Fix E ⊂ Rn a bounded set, 0 < λ ≤ 1 and δ > 0. Let {xj}
m
j=1 be a maximal
δ-separated set in
F = {x ∈ Ω : T1E(x) > λ},
which is bounded by (3.1). Let rj ∈ I be chosen so that
|Axj ,rj ∩ E| > λ|Axj ,rj |
for j = 1, . . . ,m. We shall write Aj instead of Axj ,rj and A
∗
j instead of Axj ,rj ∩ E.
We consider the multiplicity function
Υ =
m∑
j=1
1A∗j
and following [5] we define µ to be the smallest integer for which there exist at least
m/2 values of j such that
|{x ∈ A∗j : Υ(x) ≤ µ}| ≥
λ
2
|Aj |.
In the same way, we can then also find at least m/2 values of j for which
|{x ∈ A∗j : Υ(x) ≥ µ}| ≥
λ
2
|Aj |
The goal is to obtain an upper bound for µ, in terms of m,λ and a.
Observe that
(3.2) µ|E| ≥
ˆ
{x∈E:Υ(x)≤µ}
Υ =
∑
j
|{x ∈ A∗j : Υ(x) ≤ µ}| ≥
λ
2
mδτ ,
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and this implies a lower bound of E.
The next Lemma characterizes the estimates on µ required to obtain restricted
weak-type (p, q) estimates for T .
Definition 3.1. We will say that an operator T : Ω → R is of weak-type (p, q) with
norm K and write
‖Tf‖q,∞ ≤ K ‖f‖p ,
if for all indicator functions f ∈ Lp(Rn) and λ ∈ (0, 1],
(3.3) |{x ∈ Ω : (Tf)(x) > λ}|1/q ≤ Kλ−1 ‖f‖Lp .
When (3.3) holds for all function f = 1E, E ⊂ R
n with finite measure, we say T is of
restricted weak-type (p, q).
Lemma 3.2. Let α ≥ 0 and β < 1. There exists a positive constant C = C(n, q) such
that, if µ ≤ Hλ−αmβ for every choice of bounded set E, 0 < λ ≤ 1 and δ > 0, then T is
of restricted weak-type (p, q) with constant CH1/pδ−γ , where p = α+1, q = p(1−β)−1
and γ = τp −
n
q .
Proof. Let E ⊂ Rn be a bounded set. We need to show that
(3.4) |{x ∈ Ω : (T1E)(x) > λ}|
1/q ≤ CnH
1/pδ−γλ−1|E|1/p.
Since {xj}
m
j=1 was chosen to be a maximal δ-separated sequence in F , it follows that
|{x ∈ Ω : (T1E)(x) > λ}| ≤ cnδ
nm,
where cn denotes the measure of a n-dimensional ball with radius 1.
In view of (3.2) , i.e. |E| ≥ µ−1 λ2mδ
τ , and by our assumption on µ we conclude that
H1/pδ−γλ−1|E|1/p ≥ H1/pδ−γλ−1(H−1(λ/2)1+αm1−βδτ )1/p
=
1
2
δ−γ+τ/pm
1−β
p
=
1
2
(mδn)1/q,
Therefore (3.4) follows with Cn = (2cn)
1/q.
If E is not bounded, just consider E = ∪Ei, where Ei are bounded sets. 
3.1. The case of k-skeletons. We denote with π1, . . . , π(nk)
, the coordinate k-planes
generated by k of the n canonical vectors e1, . . . , en ∈ R
n. For example, if n = 2, k = 1,
then π1 and π2 are the coordinates axes in the plane. If k = 0, the 0-plane is always
the origin.
Definition 3.3. Let ρ ∈ Γ0 and ℓ
1
k, . . . , ℓ
u
k as in (2.1). The face ℓ
i
k is parallel to πω if
it is contained in an affine k-plane V = πω + v, for some v ∈ R
n.
For each ω = 1, . . . ,
(n
k
)
, we define the sets
Eπw := {xi ∈ Q
∗
0 : ℓ
k
i is parallel toπw}.
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Observe that the sets {ψ−1(Eπw)} are a Borel partition of Q0.
Fix ω, a bounded set E ⊂ Rn, 0 < λ ≤ 1 and consider the set
Fω : = {x ∈ ψ
−1(Eπω) : M˜
k
ρ,δ1E(x) > λ}.
By Remark 2.3, Fω is the union of those half-open cubes cubes of the form Q0(i)
for which xi ∈ Fω. Note that it is enough to consider only that sets E such that
E ∩ 7Q0 6= ∅, otherwise Fω = ∅.
The set Q∗0 ∩ Fω := {xj}
mω
j=1 is a maximal δ-separated set in Fω and for each xj, we
have
(3.5) |E ∩ ℓjk,δ| > λ|ℓ
j
k,δ|.
For simplicity, we write (ℓjδ)
∗ instead of E ∩ ℓjk,δ and ℓ
j
δ instead of ℓ
j
k,δ.
We define the multiplicity function associated to Fω by
Υω(x) =
mω∑
j=1
1
(ℓj
δ
)∗
(x)
and µ, as before, the smallest integer such that there exist at least mw/2 values of j
such that
|{x ∈ (ℓjδ)
∗ : Υ(x) ≤ µ}| ≥
λ
2
|ℓjδ|.
Remark 3.6. Fix 1 ≤ j ≤ mω and consider x ∈ ℓ
j
δ. Since (ℓ
j
δ)
∗ ⊆ ℓjδ we have that
Υω(x) ≤
mω∑
j=1
1
ℓj
δ
(x).
The faces {ℓ1k, . . . , ℓ
mω
k } were chosen from a family of k-skeletons using Lemma 2.1 and
each of them belongs to an affine k-plane parallel to πω. Therefore, using this lemma,
we can obtain an estimate for the number of faces containing x. More precisely, we
have
Υω(x) ≤ Cn,km
1− (n−k)(2n−1)
2n2
ω
for all x ∈ ℓjδ.
Since this holds for every j = 1, . . . ,mω, by the definition of µ we obtain
(3.7) µ ≤ Cn,km
1−
(n−k)(2n−1)
2n2
ω .
Lemma 3.4. Given 1 < q < ∞, ρ ∈ Γ0, 0 < δ < 1 and 0 ≤ k < n, there exists a
positive constant C = C(k, n, q) such that∥∥∥M˜kρ,δf∥∥∥
q,∞
≤ C δ
k−n
2np ‖f‖1 if 1 < q ≤ q
∗∥∥∥M˜kρ,δf∥∥∥
q,∞
≤ C δ
n
q
+k−n ‖f‖1 if q
∗ < q <∞,
for every f ∈ L1(7Q0) and q
∗ = 2n
2
(n−k)(2n−1) .
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Proof. Consider the restricted maximal operator M˜kρ,δ : ψ
−1(Eπω) → R. The upper
bound on µ given in (3.7) holds for any choice of E, 0 < λ ≤ 1 and δ > 0. Applying
Lemma 3.2 with α = 0, β = 1− (n−k)(2n−1)2n2 , K = Cn,k and τ = n− k, we obtain
(3.8) |{x ∈ ψ−1(Eπw) : M˜
k
ρ,δ1E(x) > λ}|
1/q∗ ≤ Ck,nδ
k−n
2n λ−1|E|,
for every E ⊂ Rn with finite measure. In other words, over the set ψ−1(Eπω), M˜
k
ρ,δ is
of restricted weak type (1, q∗).
Since this holds for every ω = 1, . . . ,
(
n
k
)
and the sets ψ−1(Eπω) form a Borel partition
of Q0 we have,
|{x ∈ Q0 : M˜
k
ρ,δ1E(x) > λ}| ≤
(nk)∑
ω=1
|{x ∈ ψ−1(Eπω) : M˜
k
ρ,δ1E(x) > λ}|
≤
(
n
k
)
(Ck,nδ
k−n
2n λ−1|E|)q
∗
and therefore, M˜kρ,δ is of restricted weak type (1, q
∗).
On the other hand, if 1 < q < q∗,
|{x ∈ Q0 : M˜
k
ρ,δ1E > λ}|
1/q ≤ |{x ∈ Q0 : M˜
k
ρ,δ1E > λ}|
1/q∗
≤ C(k, n)λ−1δ
k−n
2n |E|
and M˜kρ,δ is of restricted weak type (1, q).
If q > q∗, take v > 0 such that 1q =
1
q∗ − v. Trivially by (3.7),
µ ≤ Cn,km
1− (n−k)(2n−1)
2n2
+v
ω .
Using again Lemma 3.2 with β = 1− (n−k)(2n−1)
2n2
+ v, α = 0 and K = Cn,k we obtain,
|{x ∈ ψ−1(Eπw) : M˜
k
ρ,δ1E(x) > λ}|
1/q ≤ Ck,nδ
n
q
−(n−k)λ−1|E|.
Therefore,
|{x ∈ Q0 : M˜
k
ρ,δ1E(x) > λ}|
1/q ≤ C(k, n)δ
n
q
+k−nλ−1|E|
and then M˜kρ,δ is of restricted weak type (1, q) with q > q
∗.
Finally, since q > 1, by [1, Theorem 5.5.3] we can conclude that M˜kρ,δ is of weak-type
(1, q). 
4. Proof of the main theorem
In order to prove the upper bounds in Theorem 1.1, we first establish the following
result.
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Proposition 4.1. For every 1 < p ≤ q, 0 < δ < 1 and ρ ∈ Γ0 there exist positive
constants C1 and C2 depending on k, n, p, q such that,∥∥∥M˜kρ,δ∥∥∥
Lp→Lq(Q0)
≤ C1 δ
k−n
2np if q ≤ q∗p∥∥∥M˜kρ,δ∥∥∥
Lp→Lq(Q0)
≤ C2 δ
n
q
+ k−n
p if q > q∗p.
Proof. Given (p, q) with p ≤ q, by Lemma 3.4, the trivial bound∥∥∥M˜kρ,δf∥∥∥
L∞(Q0)
≤ ‖f‖L∞(7Q0)
and the Marcinkiewicz interpolation Theorem (See e.g.[1, Theorem 4.4.13 ]) we have
the desire result. The constants C1, C2 tend to infinity when p→ 1. 
For each z = (z1, . . . , zn) ∈ Z
n we denote
Qz = [z1, z1 + 1)× · · · × [zn, zn + 1).
By translation invariance, Proposition 4.1 continues to hold if we replace Q0 by Qz.
Now, we are ready to prove our main result.
Proof of Theorem 1.1. : In both cases, the upper bounds follow from Lemma 2.4,
Proposition 4.1 and the facts that Rn = ∪zQz and
∥∥∑
z∈Zn 17Qz
∥∥
∞
is finite.
If q > q∗p, to obtain the lower bound, take f = 1B6δ where B is the k-skeleton of
an n-cube with side length one and center in some point x0 ∈ R
n. It is easy to see
that Mkδ f(x) ≥ 1 for all x in a δ-neighborhood of x0 and
∥∥Mkδ f∥∥Lq ≥ δn/q. Since
‖f‖Lp = |B6δ|
n−k/p ≈ δn−k/p, we have∥∥∥Mkδ ∥∥∥
Lp→Lq
≥ cn,kδ
n
q
+ k−n
p .
For the remaining case q ≤ q∗p, see [4, Proposition 2.2].

Remark 4.1. If p > q a simple example shows that Mkδ is unbounded. Given N ∈ N,
let f be the indicator function of an n-cube with side length N and consider the n-cube
N∗ with same center and side length N − 6. It is easy to see that Mkδ f(x) ≥ 1, for all
x ∈ N∗.Then, ∥∥∥Mkδ ∥∥∥
Lp→Lq
≥ (N − 6)n/qN−n/p,
which grows with N.
5. An unrestricted extension
In this section we extend Theorem 1.1 to the following unrestricted version.
Definition 5.1. For f ∈ L1loc(R
n) we define
Mkδf(x) = sup
r:R2→(δ,2]
Akr,δf(x),
where
Akr,δf(x) =
N
min
j=1
1
|Sjk,δ(x, r(x))|
ˆ
Sj
k,δ
(x,r(x))
|f(y)| dy.
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Theorem 5.2. Given 1 < p ≤ q <∞ there exist a positive constant constants C and
C ′ depending on k, n, p, q such that,∥∥∥Mkδf∥∥∥
Lq(Rn)
≤ Cδ
k−n
2np ‖f‖Lp(Rn) if q < pq
∗∥∥∥Mkδf∥∥∥
Lq(Rn)
≤ C ′δ−n(
1
p
+ 1
q
) ‖f‖Lp(Rn) if pq
∗ ≤ q.
First we consider the case where side lengths are between 2t and 2t+1.
Definition 5.3. Given 0 < δ < 1 and f ∈ L1loc(R
n), define
Mkδ,tf(x) = sup
2t≤r≤2t+1
N
min
j=1
1
|Sjk,δ(x, r)|
ˆ
Sj
k,δ
(x,r)
|f(y)| dy,
where t ∈ Z is fixed.
Lemma 5.4. ∥∥∥Mkδ,t∥∥∥
Lp→Lq
= 2 · 2
tn
(
1
q
− 1
p
) ∥∥∥Mk2−tδ∥∥∥
Lp→Lq
.
Proof. Let f ∈ Lp(Rn) and let g(·) = f(2t·). We use the usual shorthand
ffl
A f =
|A|−1
´
A f . Changing variables one can check that
 
Sj
k,δ
(x,r)
|f(y)| dy = 2
 
Sj
k,2−tδ
(2−tx,r˜)
|f(2ty)| dy.
Therefore Mkδ,tf(x) = 2M
k
2−tδg(2
−tx) and hence
‖Mδ,tf‖q
‖f‖p
= 2 · 2tn(1/q−1/p)
∥∥Mk2−tδg∥∥q
‖g‖p
,
given the claim. 
Remark 5.1. Lemma 5.4 together with Theorem 1.1 show that if we allow k-skeletons
of cubes with arbitrarily large side lengths then the corresponding maximal operator
cannot be bounded on Lp → Lq.
On the other hand, if we allow side lengths than δ, then Sk(x, r) becomes an n-cube
with center x and side length ≈ δ, so we are back to averaging over full cubes, similar
to the classical Hardy-Littlewood maximal operator.
Proof of Theorem 5.2. In the course of the proof C and C ′ denote positive constants
that depends on k, n, p, q; their values can change from line to line.
Fix a function r : R2 → (δ, 2] and define the level sets
Ωt := {x ∈ R
n : 2t ≤ r(x) < 2t+1}.
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Suppose that q ≤ q∗p. Using Lemma 5.4 and Theorem 1.1, we have
ˆ
Rn
(Ar,δf(x))
q dx ≤
0∑
t=⌊log δ⌋
ˆ
Ωt
(Ar,δf(x))
q dx
≤
0∑
t=⌊log δ⌋
∥∥∥Mkδ,tf∥∥∥q
q
≤ Cδq
k−n
2np ‖f‖qp
0∑
t=⌊log δ⌋
2
−tq
(
k−n
2np
+n
q
−n
p
)
≤ Cδq
k−n
2np ‖f‖qp
0∑
t=−∞
2
−tq
(
k−n
2np
+n
q
−n
p
)
≤ Cδq
k−n
2np ‖f‖qp .
Since this holds for every function r, we obtain that∥∥∥Mkδf∥∥∥
q
≤ Cδ
k−n
2np ‖f‖p ,
for all f ∈ Lp(Rn) with p ≤ q < pq∗.
If q∗p < q, in a similar way we obtain
ˆ
Rn
(Ar,δf(x))
q dx ≤
0∑
t=⌊log δ⌋
∥∥∥Mkδ,tf∥∥∥q
q
≤ C ′δn+q
k−n
p ‖f‖qp
0∑
t=⌊log δ⌋
2
−tq
(
n
q
−n
p
+ k−n
p
)
(5.2)
≤ C ′δn+q
k−n
p ‖f‖qp
0∑
t=−∞
2
−tq
(
n
q
−n
p
+ k−n
p
)
(5.3)
≤ C ′δn+q
k−n
p ‖f‖qp ,
and therefore
(5.4)
∥∥∥Mkδf∥∥∥
q
≤ C ′δ
n
(
1
q
− 1
p
)
‖f‖p ,
for all f ∈ Lp(Rn), with pq∗ < q <∞.

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